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KIRWAN-NOVIKOV INEQUALITIES
ON A MANIFOLD WITH BOUNDARY

MAXIM BRAVERMAN AND VALENTIN SILANTYEV

ABSTRACT. We extend the Novikov Morse-type inequalities for closed 1-forms
in 2 directions. First, we consider manifolds with boundary. Second, we al-
low a very degenerate structure of the critical set of the form, assuming only
that the form is non-degenerated in the sense of Kirwan. In particular, we
obtain a generalization of a result of Floer about the usual Morse inequalities
on a manifold with boundary. We also obtain an equivariant version of our
inequalities.

Our proof is based on an application of the Witten deformation technique.
The main novelty here is that we consider the neighborhood of the critical set as
a manifold with a cylindrical end. This leads to a considerable simplification
of the local analysis. In particular, we obtain a new analytic proof of the
Morse-Bott inequalities on a closed manifold.

0. INTRODUCTION

0.1. The main results. In [7, [10], Michael Farber and the first author extended
the Novikov Morse-type inequalities for a closed 1-form w on a closed manifold
to the case when the critical set of w consists of a disjoint union of smooth sub-
manifolds non-degenerate in the sense of Bott. The Novikov inequalities were also
considerably strengthened by means of twisting by an arbitrary flat vector bundle
F.

In this paper we further extend the results of [7, [I0] by considering a manifold
M with boundary and by allowing much more degenerate critical sets of w. For
our inequalities to be valid we have to assume that near the boundary the 1-form
is exact and can be written adl

(0.1) w = d(flx)t"/m), m > 0,
where x is a coordinate on the boundary I' = M of M, ¢t > 0 is an additional
coordinate such that I' = {t = 1}, and f is a smooth function on T" for which zero
is a regular value. Set

U = {zel: flz)<0}.
If the form w is exact, then the role of the Betti numbers in our Morse-type inequal-
ities is played by the dimensions of the relative cohomology H®(M,U~;F) of the

Received by the editors April 9, 2004.

2000 Mathematics Subject Classification. Primary 57R70; Secondary 58A10.

Key words and phrases. Novikov inequalities, Kirwan inequalities, Morse-Bott inequalities,
Witten deformation.

This research was partially supported by NSF grant DMS-0204421.

n fact, our results are valid under a slightly weaker assumption. See Section [I for the exact
formulation.

(©2006 American Mathematical Society
3329



3330 MAXIM BRAVERMAN AND VALENTIN SILANTYEV

topological pair (M,U~) with coefficients in a flat vector bundle F. In general, we
define the relative Novikov numbers of the topological pair (M, U™) with coefficients
in a flat vector bundle F, which enter our inequalities; cf. Definition [[L.T0}] Our con-
struction of the relative Novikov numbers is similar to Pazhitnov’s construction of
the usual Novikov numbers as generic values of the dimensions of the cohomology
of a 1-parameter family of flat connections [25] (see also [10]).

When applied to an exact 1-form w = dh, our inequalities extend the Kirwan-
Morse inequalities to manifolds with boundary. For the case when the critical
points of w are isolated and F = C is a trivial line bundle, similar inequalities were
obtained by Floer [19].

The condition (0.I)) is equivalent to the assumption that w can be extended to a
homogeneous 1-form on the manifold

(0.2) M = MU(FX[I,OO)),

which does not have zeros on I' x [1,00); cf. Section Bl We refer to M as a
manifold with a cylindrical end. Thus we also obtain Morse-type inequalities for
homogeneous 1-forms on a manifold with a cylindrical end, which generalize the
Morse inequalities for generating functions quadratic at infinity, used in the theory
of Lagrangian intersections [29] [16].

We also obtain an equivariant version of our inequalities, which extends the
results of [8, 9] to manifolds with boundary and to 1-forms whose critical sets are
not manifolds. In particular we obtain equivariant Morse inequalities on a manifold
with boundary. It is also important that we consider Morse-type inequalities twisted
by a flat vector bundle F. In many examples, this gives much stronger inequalities
than the usual Morse-type inequalities with coefficients in C; cf. Example 1.7 of
[10]. This is even more important for equivariant inequalities; cf. [8] and also the
discussion in Section 2

0.2. The method of the proof. Our proof is based on an application of a version
of the Witten deformation technique applied to the extension of all the structures
to the manifold (@2). Though a large part of our proof is quite standard, there
are two new ideas involved. First, the structure of our Witten-type deformation
near the critical set of w is new. To explain the novelty, let us temporarily assume
that w is non-degenerate in the sense of Bott. Recall that the Witten technique is
based on considering a one-parameter deformation Ar (T € R) of the Laplacian
and comparing the spectrum of Ap for large T with the spectrum of a similar
operator AY on the normal bundle to the critical set of w. It is crucial that the
eigenfunctions of both operators Ar and A% concentrate near the critical set for
large T for the method to work. It is well known, however, that if the critical points
of w are not isolated and if we endow the bundle N with a natural “bundle-like”
Riemannian metric, then the naive generalization of the Witten construction does
not work, because the eigenfunctions of A% do not concentrate to the critical set
as T — oo; cf. [B]. This problem was solved by Bismut [5], who proposed a smart
two-parameter family of deformations of the Laplacian (the Bismut deformation).
It is not clear, however, how to define this two-parameter family when the critical
set of w is not a manifold.

In this paper we apply a different idea. We consider the bundle N as a manifold
with a cylindrical end and introduce a Riemannian metric on N which is conical on
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the cylindrical end; cf. Sections F] and [l One of the advantages of this approach
is that now the analysis of the spectrum of the operator A¥ is exactly the same as

the analysis of the spectrum of the operator A on the manifold M. In particular,
the eigenfunctions of AY concentrate near the critical set and the kernel of AY can
be calculated in cohomological terms; cf. Sections dl and Section [l

The second new element of our proof is the study of the Witten Laplacian on a
manifold with a cylindrical end (which we need for the study of both operators AY

and AM). In Section [l we calculate the dimension of the kernels of the Witten
Laplacians on a manifold with a cylindrical end and show that they are equal to
the relative Novikov numbers of the topological pair (M,U~) with coefficients in a
flat vector bundle F. This is probably the most non-trivial part of our paper.

0.3. The structure of the paper. In Section[I] we formulate our main result and
discuss some of its applications and implications.

In Section 2] we present an equivariant version of our inequalities.

In Section B we reformulate our main theorem in terms of a manifold with a
cylindrical end and show the equivalence of the two formulations.

In Section @ we define the Witten-type deformation of the Laplacian on a man-
ifold with a cylindrical end and show that it has a discrete spectrum.

In Section [l we show that the dimension of the kernel of the Witten Laplacian
is given by the relative Novikov numbers.

In Section [f] we introduce a structure of a manifold with a cylindrical end on a
neighborhood of the critical set of w and describe the structure of our Witten-type
deformation near the critical set.

In Section [ we present a proof of the Kirwan-Novikov inequalities, based on a
result of a comparison between the spectrum of the Witten Laplacians on M and
on N. This result is proven in Section

1. PRELIMINARIES AND THE MAIN RESULT

1.1. Let M be a compact manifold with boundary I' = 9M. Note that we do not
exclude the case when I' is empty. If the boundary is not empty we will identify its
tubular neighborhood U with the product T' x (0, 1] and we will identify points of
U with pairs (z,t), z € T, t € (0,1].

Let w be a closed 1-form on M such that the restriction of w to U is exact. In
other words we assume that there exists a smooth function h : I' x (0,1] — R such
that

oh
(1.1) w(z,t) = dh(x,t) = drh(z,t)+ E(w,t) dt, zel, te(0,1].
Here dr is the de Rham differential on T'.

1.2. Assumptions on w at the boundary. We assume that

(B1) drh(z,1)+ %(ﬂf, 1)dt # 0 for all € T'. This implies that w does not have
zeros at a neighborhood of M. Without loss of generality we can and we
will assume that w does not have zeros at T' x (0, 1].

(B2) 0 is a regular value of the function 2&(z,1).

ot
(B3) If 2(z,1) = 0, then
oh

(1.2) drh(z,1) # —\-dp (E(m)), for all A > 0.
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The assumptions (B1) and (B2) mean that w is in a generic position near OM.
They can be always achieved by a small perturbation of h. Note also that (B2)
implies, in particular, that the open set

(1.3) U~ :{xer:%(x,1)<o}x{1}caM
has a smooth boundary.

The assumption (B3) is more restrictive. It is essentially equivalent to the fact
that the closure U~ of U~ is the ezit set in the sense of Conley [I3} [19] for the flow of
the vector field —Vh. In Section [B] we also explain that this condition is necessary
to extend w to a “homogeneous at infinity” form on M U (I x (1,00)). Also in
Subsection we give an example which shows that without this assumption our
main theorem (Theorem [[LT2)) is not valid.

1.3. Example. Suppose that on near I" we have h(x,t) = %f(:v)tm, m > 0. Then
condition (B3) is automatically satisfied, while conditions (B1) and (B2) hold if
and only if 0 is a regular value of f(x). This example is the most important for
applications. In fact, in Section [l we will show that if the conditions (B1)-(B3)
are satisfied, then one can always extend w and h to a bigger manifold M’ =
MU (T x [1, A]) without producing new zeros so that near the boundary of M’ we
have h(z,t) = f(x)t?/2.

1.4. Non-degeneracy assumptions on the zeros of w. We assume that the set
C={zeM: wkx)=0},

called the critical set of w, belongs to M\U and satisfies the following non-degeneracy
condition of Kirwan [22]:

Definition 1.5. A closed 1-form w is called minimally degenerate or non-degenerate
in the sense of Kirwan if it satisfies the following conditions:

(C1) The critical set C is a finite union of disjoint closed subsets C C C called
critical subsets of w. In a neighborhood of each subset C' there exists a
smooth function h¢ such that w = dhe and he(z) =0 for all z € C.

(C2) For every C C C there exists a locally closed connected submanifold ¥¢,
called a minimizing manifold, containing C such that hc|x, > 0 and

(1.4) C = {zeXc: he(z)=0}.

In other words, C' is the subset of ¥ on which h¢ takes its minimum
values.

(C3) At every point z € C the tangent space T, % is the maximal among all
subspaces of T, M on which the Hessian H,(h¢) is positive semi-definite.

The minimal degeneracy means that critical subsets can be as degenerate as a
minimum of a function, but not worse.

Remark 1.6. The condition (C3) can be reformulated as follows. Let p : v(X¢) —
Y ¢ be the normal bundle to ¢ in M. Fix a Euclidian metric on v(3¢) and let
ly| denote the norm of a vector y € v(X¢) with respect to this metric. Then by
the generalized Morse lemma [21, Ch. 6] the condition (C3) is equivalent to the
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existence of a neighborhood W of the zero section in v(3¢) and of an embedding
1: W — M such that

(15) (he o)) = helpl) — L5

and h¢ does not have critical points on W\C.

Remark 1.7. By condition (C1), for every C' € C there exists a neighborhood U of
C such that w does not have critical points in U\C. Hence, it follows from (L3
that the restriction of ho to X also does not have critical points on U N Y.

1.8. The Morse counting polynomial. The dimension of the fibers of p : ¥(X¢)
— Y¢ is called the indez of the critical subset C' and is denoted by ind(C).

Let o(X¢) be the orientation bundle of v(X¢), considered as a flat line bundle
over Y. We denote by o(C') the restriction of o(X¢) to C. Let F be a flat vector
bundle over M. Consider the twisted Poincaré polynomial of the critical subset C

dim M
(1.6) Per(N) = Y Xdime H'(C, F|, ® o(C)),
i=0
where H(C, Flo ®0(C)) denotes the Cech cohomology of C' with coefficients in the
flat vector bundle F|, ® o(C). Define the following Morse counting polynomial

(1.7) My r(N) = D AP (V)
CcCeC

where the sum is taken over all critical subsets C C C.

1.9. The generalized Novikov numbers. Assume that F is a complex flat finite-
dimensional vector bundle over M and let

V:QY(M,F) — Q (M, F)

denote the covariant differential on F.
A closed 1-form w € QY(M) on M with real values determines a family of con-
nections on F (the Nowvikov deformation) parameterized by the real numbers T' € R

(1.8) Vr: Q(M,F) — QFY(M,F); Vr =V +Te(w).

Here e(w) denotes the operator of exterior multiplication by w. All the connections
Vr are flat, i.e., V& = 0, if the form w is closed. Hence, for any 7' € R the pair
(F,Vr) is a flat vector bundle over M. Sometimes we will denote this flat bundle
by Fr for short.

The flat bundle F7 admits the following alternative description. For T € R, let
Er, denote the flat real line bundle over M with the monodromy representation
PTw : m1 (M) — R* given by the formula

(1.9) pro() =ewp(-T @) € B, qem(),

Then Fr is isomorphic to the tensor product F ® Er,.

Assume now that w is non-degenerate in the sense of a Kirwan closed 1-form and
let U~ be as in (L3). Let H*(M,U; Fr) be the relative cohomology of the pair
(M,U~) with coefficients in the flat bundle Fr.

The dimension of the cohomology H®(M,U~; Fr) is an integer-valued function
of T' € R. This function has the following behavior: There exists a discrete subset



3334 MAXIM BRAVERMAN AND VALENTIN SILANTYEV

S C R, such that the dimension dim H®*(M,U~; Fr) is constant for T ¢ S (the cor-
responding value of the dimension we will call the background value; the correspond-
ing value of T is called generic), and for T' € S the dimension of H*(M,U~; Fr)
is greater than the background value. Cf., for example, [I8, Theorem 2.8], where
a more precise information for the case of general elliptic complexes is given. The
subset S above will be called the set of jump points.

Definition 1.10. For each ¢ = 0,1,...,n, the background value of the dimension
of the cohomology H*(M,U~;Fr) is called the i-th generalized Novikov number
and is denoted by G;(w, F).

Remark 1.11. Note that if the boundary of M is empty, then 3;(w, F) are the usual
Novikov numbers [23], 24], [25] with coefficients in F; cf. [7,[10]. In this case 8;(w, F)
depends only on the cohomology class of w. More generally, let w; and wy be
closed 1-forms representing the same cohomology class in H'(M,C) and satisfying
the assumptions (B1)-(B3) of Subsection Let U;, Uy be the sets defined by
([T3) using the forms w; and wq, respectively. If the topological pairs (M, U; ) and
(M, U, ) are homotopically equivalent, then f;(w1, F) = Bi(wa, F).

We define the Nowikov-type polynomial by the formula
dimM
(1.10) Nor(N) = Y XNBi(w, F).
i=0
The main result of this paper is the following Morse-type inequality for a differ-
ential 1-form on a manifold with boundary.

Theorem 1.12. Assume that w is a closed 1-form on M which satisfies the as-
sumptions (B1)-(B3) of Subsection and all whose zeros are non-degenerate in
the sense of Kirwan; cf. Subsection [[4l. Then there exists a polynomial Q(\) =
qo + A + @22 + ... with non-negative integer coefficients q; > 0, such that

(1.11) My r(N) — Noz(A) = (14 X)Q(N).
The proof of the theorem occupies most of the remaining part of the paper.

Remark 1.13. Another version of Morse-type inequalities for differential 1-forms
on manifolds with boundary were suggested by M. Farber and the first author in
[8]. The conditions on the behaviour of w near the boundary were, however, quite
different in [8]. In this sense Theorem complements the results of [8]. Note
also that in [8] the zeros of the form were assumed to be non-degenerate in the
sense of Bott, while in Theorem we allow a much more complicated structure
of the set of zeros.

1.14. Corollaries and applications. We will now discuss some special cases of
Theorem First, consider the case when the boundary of M is empty. Then
Bi(w,F) are the usual Novikov numbers with coefficients in F associated to the
cohomology class of w; cf. [10]. Theorem in this case generalizes the classical
Novikov inequalities in two directions: first, we allow non-isolated zeros of w (as-
suming they are non-degenerate in the sense of Kirwan). Second, we strengthen
the inequalities by twisting them with the vector bundle F (cf. example 1.7 in [I0],
which shows that the obtained inequalities are really stronger than the classical in-
equalities with coefficients in C. We also refer to [I], where the Kirwan inequalities
with coefficients in a non-trivial bundle are used to obtain topological information
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about the symplectic reduction of a Hamiltonian T-space). For the case when the
zeros of w are non-degenerate manifolds (i.e., when w satisfies Bott non-degeneracy
conditions), these results were obtained by M. Farber and the first author in |7, [10].

Let us return to the case when M has boundary. Assume that the cohomology
class of w vanishes, i.e., there exists a function A : M — R such that w = dh.
Then S;(w, F) are just the dimensions of the cohomology of the pair (M,U~) with
coefficients in F. Thus our result generalizes the classical Morse inequalities to the
case of a manifold with boundary. For the special case when h is a Morse function
(i.e., has only isolated non-degenerate critical points) and F = C is the trivial
bundle, similar inequalities were obtained by Floer [19].

In SectionPlwe use Theorem [[L12]to obtain the equivariant version of the Kirwan-
Novikov inequalities on a manifold with boundary. Note that the use of cohomology
with coefficients in a flat vector bundle F (rather than just complex values coho-
mology) is very important for this application; cf. Remark 2.7 for details.

1.15. The necessity of condition (B3). We finish this section with a very sim-
ple example, which shows that without assumption (B3) (cf. Subsection [[2) The-
orem is not valid.

Consider the cylinder M = S x [1,2]. Then I' = M = (S* x {1}) L (S* x {2}).
Set

(1.12) h(z,t) = t*sinz,

where z € S, t € [1,2]. Let w = dh. One easily checks that all the conditions
of Theorem except (B3) hold. Condition (B3) fails at the points (0,1) and
(m, 1)E

Clearly,

U™ = ((0,m) x {1}) U ((m,2m) x {2}).

Let F = C be the trivial line bundle. Since the form w is exact, 8; = B;(w, F)
equals the dimension of the relative cohomology H*(M,U~). An easy calculation
shows that

Bo = B2 =0, B = 2.

Therefore, N,, #(\) = 2 in this case, but w does not have zeros on M. Hence, the
Morse counting polynomial is equal to 0, and the left-hand side of (ILIT]) equals
—2\. Thus ([LIT) cannot hold.

Let us enlarge the manifold M by setting M’ = S* x [~2,2]. The form w = dh
extends naturally to the bigger manifold. Now condition (B3) is easily seen to be
satisfied. We still have NV, #(A\) = 2, but now w vanishes on S* x {0} C S x[-2, 2].
The Morse counting polynomial equals 2\, and (LI1]) holds with Q = 0.

This example illustrates an important phenomenon to be discussed in the next
section: condition (B3) allows a natural extension of w from & =T x (0,1) to the
infinite cylinder I" x (0, 00) without producing new zeros of w.

2Though (CIZ) formally looks like the function in Example [[3] the situation here is quite
different. This is because near S x {1} the parameter ¢ in ([I12) is not the same as in Subsec-

tion [T
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2. EQUIVARIANT KIRWAN-NOVIKOV INEQUALITIES
ON A MANIFOLD WITH BOUNDARY

In this section we present a generalization of the equivariant Novikov inequalities
obtained by M. Farber and the first author in [8, 9] to manifolds with boundary
and to 1-forms which are not non-degenerate in the sense of Bott (but are non-
degenerate in the sense of Kirwan). The constructions and the proofs are very
similar to [9], so we will be very brief in this section and will refer the reader to [9]
for details.

Throughout this section G is a compact Lie group and M is a compact G-
manifold with boundary I' = M.

2.1. Basic 1-forms. Recall that a smooth 1-form w on a G-manifold M is called
basic (cf. [3]) if it is G-invariant and its restriction on any orbit of the action of G
equals zero.

Note that, if the group G is finite, then w is basic if and only if it is G-invariant,
i.e., if g*w = w is satisfied for every g € G. Also, if M is connected and if the set
of fixed points of the action of G on M is not empty, then any closed G-invariant
1-form on M is basic; cf. Lemma 3.4 of [9]. Note also that any exact invariant
form w = df is basic.

2.2. The equivariant Novikov numbers. Let 7 — M be a G-equivariant flat
vector bundle over M; cf. Section 2 of [9]. Suppose w is a closed basic 1-form on M
which satisfies assumptions (B1)-(B3) of Subsection[[.2l Let U~ C T be as in ([L3]).
We denote by HY(M, U™ ; F) the equivariant cohomology of the pair (M,U~) with
coefficients in F

Every closed basic 1-form w determines an equivariant flat line bundle &, (with
w being its connection form); cf. Subsection (see also §2.2 of [9]). Using these
constructions we define the equivariant Novikov numbers as follows.

Given an equivariant flat bundle F over M, consider the one-parameter family
Fr = F®Er, of equivariant flat bundles, where T' € R (the Novikov deformation),
and consider the twisted equivariant cohomology

HL(M, U F @ Ery), where t € R,

as a function of T' € R. The same arguments as in the proof of Lemma 1.5 of [IJ]
show that, for each ¢ = 0,1, ..., there exists a finite subset S C R such that the
dimension of the cohomology HS(M,U™; F @ Ery,) is constant for 7' ¢ S and the
dimension of the cohomology H&(M,U™; F ® E7,,) jumps up for T € S.

The subset S is called the set of jump points; the value of the dimension of
HL(M, U3 F @ Exy,) for T ¢ S is called the background value of the dimension of
this family.

Definition 2.3. The i-dimensional equivariant Novikov number ﬂiG(w,]-") is de-
fined as the background value of the dimension of the cohomology of the family
HL(M, U F®Ery).

Remark 2.4. If the boundary of M is empty, then the numbers 3% (w, F) coincide
with the equivariant Novikov numbers with coefficients in F defined in [9]. In

3The equivariant cohomology H.(M; F) with coefficients in an equivariant flat bundle are
defined, for example, in §2 of [9]. The relative equivariant cohomology with coefficients is defined
in exactly the same way.
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this case 3%(w,F) depends only on the cohomology class of w. More generally,
Bi(w1, F) = Bi(wa, F) if [w1] = [we] € HL(M), and the topological pairs (M, U;)
and (M, U, ) are homotopically equivalent (here Uy, Uy € T' are the sets defined
by (L3) using the forms w; and wsy, respectively).

The formal power series
NS\ = Y NBF(w, F)
i=0
is called the equivariant Novikov series.

2.5. The equivariant Morse series. We assume that w is non-degenerate in the
sense of Kirwan, and we use the notation introduced in Subsections [[.4] and
Let C' C C be a component of the critical set of w. If the group G is connected,
then C is a G-invariant subset of M. In general case we denote by

Geo = {gEG:g-CCC}

the stabilizer of C'in G. Let |G : G¢| denote the index of G¢ as a subgroup of G.
Since G¢ contains the connected component of the unity in G, this index is finite.

The compact Lie group G¢ acts on C, and the flat vector bundles F| ., and
o(C) (cf. Subsection [[) are G¢-equivariant. Let H&";C(C,f‘c ® o(C)) denote the

equivariant Cech cohomology of the flat Gc-equivariant vector bundle Fj., ® o(C).
Consider the equivariant Poincaré series of C

PEGF(N) = Y N dime Hy, (C, Fl, @ o(C))
i=0
and using it define the following equivariant Morse counting series

ME5() = 30NN G: Gol F PEG(N),
c
where the sum is taken over all components C' of C.
The main result of this section is the following.

Theorem 2.6. Suppose that G is a compact Lie group and F is a flat G-equivariant
vector bundle over a compact G-manifold M with boundary. Let w be a closed basic
1-form on M which satisfies the assumptions (B1)-(B3) of Subsection and all
whose zeros are non-degenerate in the sense of Kirwan; cf. Subsection [L4. Then
there exists a formal power series Q(\) with non-negative integer coefficients, such
that

ME () — NEN) = (1+1) Q).

The theorem follows from Theorem by exactly the same arguments as were
used in [9] to derive the equivariant Novikov inequalities for a non-degenerate in the
sense of a Bott one form on a closed manifold from the Novikov-Bott inequalities
of [10]. We leave the details to the interested reader.

Remark 2.7. Let us remark that the use of the cohomology twisted by a flat vector
bundle F considerably strengthens the inequalities of Theorem For example,
assume that the group G is finite and the form w is exact. An application of
the equivariant Morse inequalities of Atiyah and Bott [2] [6] leads to estimates
which are often weaker than the standard Morse inequalities (ignoring the group
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action). However, the application of the inequalities twisted by an equivariant flat
bundle leads to much better estimates; cf. [8]. This was used in [I], where an
application of Theorem to a finite group but with a non-trivial equivariant
vector bundle provided new topological information about the cohomology of the
symplectic reduction of a Hamiltonian T-manifold.

3. REFORMULATION IN TERMS OF A MANIFOLD WITH A CYLINDRICAL END

In this section we reformulate Theorem as Morse-type inequalities for dif-
ferential forms on a manifold with a cylindrical end. This new formulation is more
suitable for our analytical proof, but also has an independent interest. In particular,
it generalizes the Morse inequalities for generating functions quadratic at infinity,
which are used in the theory of Lagrangian intersections [29] [16].

3.1. A manifold with a cylindrical end. By a manifold with a cylindrical end
we understand a smooth (non-compact) manifold M without boundary which has
the form T' x (1,00) near infinity. More precisely, we suppose that there exists a
compact submanifold M C M with smooth boundary I' such that

(3.1) M = MU (T x [1,00)),

with OM being identified with T" x {1}.

The submanifold 7 =T X (1,00) is called the cylindrical end of M.

Of course, M is not unique. For example, it may be replaced by M;, = M U
(T x (1,%0]). Similarly, the decomposition 7 into a direct product is not unique.
But we will fix M and the decomposition 7 =T x (1, 00) for the sake of simplicity
of the notation.

3.2. Homogeneous 1-forms. Let M = M U (T x [1,00)) be a manifold with a
cylindrical end. Every point of 7 =T X (1, 00) may be identified with a pair (z,?),
where z € I', ¢t > 1.

Let 75 : T — T (s > 1) denote the multiplication by s : 75(x,t) = (z,s - t).

A differential 1-form o« on M is called homogeneous of degree m at infinity if
there exists £y > 1 such that

(3.2) L TIPS B A TP for every s> 1.

If w is a homogeneous 1-form of degree m, then its restriction to I' X (¢g, 00) may
be written as

= t"a + f(x)t™ 'dt,

Ak y (.00

where a is a 1-form on I'. If, in addition, « is closed, da = 0, then a = %df and

(3.3) A %f(x)tm).

In particular, the restriction of a closed homogeneous at infinity 1-form to the cylin-
drical part T is always exact.

3.3. Non-degeneracy at infinity. Suppose that w is a closed 1-form on M which
is homogeneous at infinity. We say that w is mon-degenerate at infinity if the
restriction w(x,t) of w to the cylindrical part 7 does not have zeros for t > 1.

Let w be represented as in (33). Then w is non-degenerate at infinity if and only
if 0 is a regular value of the function f:I' — R.
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3.4. Example: A vector bundle over a compact manifold. One of the most
important examples of a manifold with a cylindrical end is a vector bundle over a
compact manifold.

Let C' be a smooth compact manifold without boundary and let E be a finite-
dimensional vector bundle over C. Fix a Hermitian metric h” on E. For a vector
y € E we denote by |y| its norm with respect to the metric h%.

Fix r > 0 and define

= {yefily<rly S = {ye&:lyl=r}.

Then B, is a compact manifold, the boundary of B, equals S, and E\B, is diffeo-
morphic to the product S, X (1, 00). Hence, E has a natural structure of a manifold
with a cylindrical end.

Assume now that the bundle E splits into an orthogonal direct sum E = ET @
E~. Consider the function
Py
2 2
Then the form w = dh is homogenous of degree 2 on E and is non-degenerate at
infinity.

ny) = LF Wy ) e E=E* o B

More generally, if V is a manifold with a cylindrical end and N — V is a vector
bundle over V, then one can introduce a structure of a manifold with a cylindrical
end on the total space of N. A version of this example will allow us to consider the
normal bundle to a neighborhood of the critical set C' in the minimizing manifold ¢
(cf. Definition [[H) as a manifold with a cylindrical end. We refer to Subsection
for details.

3.5. The Novikov numbers. Let w be a closed 1-form on M which is homoge-
neous and non-degenerate at 1nﬁn1ty Let f(z) be as in [E3).

Let F be a flat vector bundle over M. As in Subsection [L9we construct a family
Fr (T € R) of flat vector bundles over M using the 1-form w.

For every ¢ > 0 define

(3.4) ﬁgz{(x,t)efx (1,00) : f(2)t™/m < —c},

and consider the pair (]T/f ,U7). Tt is clear, that if we change ¢, then this pair will
be replaced by a homotopic one. Thus the cohomology H ’(M , U o j-:T) of this pair
with coefficients in j-:T is independent of the choice of ¢. We define the Novikov
number G;(w, F) to be the background value of the dimension of this cohomology,
cf. Subsection [[9 and we define the Novikov polynomial NV, z(A) by (LI0).

If all the zeros of w are non-degenerate in the sense of Kirwan we define the
Morse counting polynomial M, #(A) as in Subsection

Theorem 3.6. Let M be a manifold with cylindrical end and let Fbea flat vector
bundle over M. Let w be a closed 1 -form on M which is homogeneous and non-
degenerate at infinity. Assume also that all the zeros of w are non-degenerate in the

sense of Kirwan. Then there exists a polynomial Q(\) with non-negative integer
coefficients such that the Morse-type inequalities (LII)) hold.

The following proposition shows that this theorem is equivalent to Theorem [[.T2l
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Proposition 3.7. Theorem is equivalent to Theorem [[L121 Moreover, The-
orem (and, hence, Theorem [L12]) follows from its particular case when w is
homogeneous of degree 2.

Thus, to prove Theorems [[.12] and B.6l it is enough to prove Theorem for
the case when w is homogeneous of degree 2. This will be done in the subsequent
sections. The rest of this section is occupied with the proof of Proposition 3.7

3.8. Theorem [I.12] implies Theorem Let w be a homogeneous, non-
degenerate at infinity closed 1-form on a manifold M with cylindrical end.
Fix a decomposition [B.1]) of M and let tg > 0 be as in [B.2)). Set

M = MU(T x (1t +2).

Introducing a new coordinate t' = t —ty — 1 we identify a neighborhood U of OM’
with the product I'x (0, 1]. From (B3]) we conclude that on U the form w = dh(z,t)
where

1
(3:5) W, t) = —f@)(t' +to+1)™.
As in Subsection [I.2] set
Um = {(@t): %(mko, =1} = {(z,t): fla)<0,t'=1}.

Recall that (7; is defined in B4). Clearly, the pair (M , 176_ ) is homotopic
to the pair (M’',U~). Thus the relative cohomology H* (M, ﬁ;;fgp) is naturally
isomorphic to H*(M,U _;j-:T\ ). Theorem now follows from application of
Theorem to the form wlps . O

To show the implication in the other direction we need the following

Lemma 3.9. Let h : T x (0,1] — R be a smooth function satisfying conditions
(B1)-(B3) of Subsection L2l According to condition (B1) of Subsection [[2], dh # 0
on T x (0,1]; ¢f. Subsection [L2 Set

oh
= 2z, 1).

f@) = M)
Then there exist € € (0,1/3), m >0 and a function h: T x (0,00) — R such that
(3.6) E(x,t) = h(z,t) for t<1—2¢, xzel;

~ t2

(3.7) h(z,t) = m f(z) 0 for t>1—¢, zeT;
(3.8) dh(z,t) # 0  forall t>0, z €.

Proof. From condition (B3) of Subsection we see that there exist € € (0,1/3)

such that for all t € (1 — 3¢, 1] we have

(3.9) drh(x,t) # —Adrf(z) forall A >0 and all € T such that |f(x)| < 2e.

Oh(x,t)
ot

(3.10) # — f(z) for all z € T such that |f(z)| > e.
Set

1
(3.11) m = gsup{|h(x,t)|:xEF,O<t§1}.
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Let x : R — [0,1] be a smooth non-decreasing function such that x(¢) = 0 for
t<1—2cand x(t)=1fort>1—e. Set

(3.12) Rat) = (1= xW) het) + x()m f@) 5

Clearly, h satisfies [36) and (37). We claim that it also satisfies (3). Indeed,

o If0 < t < 1—2¢, then h(z,t) = h(z,t), and ([B8) is exactly our assumption
on h.
o If 1 —2:<t<1and|f(z)| < 2e, then, by (39),

deh(e,t) = (L= x(0) drh(a,t) + x(0) -dr (@) # 0.

o If 1 —2¢ <¢<1and|f(x)] > e, then

Oh(z,t) 2 Oh(x,1t)
= = X (mf@) 5 — k) + L=x0) T+ x(Omf()t
By BI0) and (3II) all the terms on the right-hand side of this equality
have the same sign as f. Hence, 0h/0t # 0.
o If t > 1 —¢, then h(x,t) = mf(x)t?/2. By assumption (B2) of Subsec-
tion [[L2] zero is a regular value of f(z) = g—?(x, 1). Hence,

2
P drf(z) # 0.

The proof of the lemma is complete. O

dh(xz,t) = m f(x)tdt +

3.10. Theorem implies Theorem We are ready now to show that
Theorem follows from the special case of Theorem when w is homogeneous
of degree 2 at infinity. This will finish the proof of Proposition B.7

Let M, F and w be as in Theorem Consider the manifold

M = MU (Ix[1,00))

with a cylindrical end.

Fix a smooth diffeomorphism s : (0,00) — (0,1) such that s(t) = t for t €
(0,1/3]. Define a map s : M — M such that 5(m)=m form € M\(F x [1/3,00))
and 5(z,t) = (x,s(t)) for z € T, t € [1/3,00).

Let F = 5*F be the pull-back of the bundle F to M. We endow F with the
pull-back connection §*V.

Let h(z,t) be as in Subsection [[Jl Assume, in addition, that dh # 0 on I' x
(0,1], cf. Subsection Let  be as in Lemma Let W € QI(M) be the 1-
form whose restriction to M\ (T x (1 — 2¢,00)) is equal to w and whose restriction
to I x (1 — 2¢,00) equals dh(zx,t). From @BZ) and BX) we conclude that & is
homogeneous of degree 2 and non-degenerate at infinity. Also, by (B8, the forms
w and w coincide in a neighborhood of their common set of zeros. Hence their Morse
counting polynomials coincide, My z(A) = My, #(A). The same arguments as in
Subsection 3.8 shows that AV z(A) = Ny, #(A). Thus the Morse-type inequalities
(CII) for w follow from application of Theorem to the form &. The proof of
Proposition 3.7 is complete. O
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4. THE WITTEN DEFORMATION OF THE LAPLACIAN

Let M = M U (I x [1,00)) be a manifold with a cylindrical end and let w be a
closed 1-form on M which is homogeneous of degree 2 at infinity; cf. Subsection 3.2
Let F be a flat vector bundle over M endowed with a flat connection V.

In this section we introduce a “conical at infinity” metric on M and use it to
construct the Laplacian Ap associated to Vp. This Laplacian plays a crucial role
in our proof of Theorem In Section Bl we prove that the dimension of the
kernel of the restriction of Ar to the space of p-forms is equal to the generalized
Novikov number 3,(¢,F). In Section [6] we estimate the dimension of Ker Ay by
comparing it with the kernel of a certain Laplacian on a neighborhood of C. That
will prove Theorem (and, hence, in view of Proposition B, Theorem [[L12)).

4.1. Metrics on the cylindrical end. The tangent bundle T'7 to the cylindrical
end 7 =T x (1, 00) splits into the Whitney sum TT @ R of the tangent bundle TT
to I and the tangent bundle to the ray (1,00) (which we identify with R).

Choose a Riemannian metric g* on I' and let ¢g® denote the standard (transition-
ally invariant) metric on R. Let g7 denote the metric on 7 given by the formula

(4.1) g7 = ?’¢" @ 4~

This metric is homogeneous of degree 2 in the following sense: Let 75, : 7 — 7T
(s > 1) denote the multiplication by s: 74(z,t) = (z,s-t). Then

(4.2) it = 247,

We will refer to g7 as a conical metric on 7.

We also fix a Hermitian metric h%17 on the restriction }~"|T of the bundle F to
7 which is flat along the ray {(z,t) : t > 1} C 7 for any = € T.

4.2. Metrics on the manifold. Let g]\7 be a Riemannian metric on M whose
restriction on the cylindrical end 7 is equal to the conical metric g7 (cf. Subsec-

tion E.T]).

We also fix a Hermitian metric A% on F whose restriction to 7 is equal to hFlT .

4.3. The deformation of the Laplacian. Let V7 = V 4 Te(w) be the Novikov
deformation of the covariant derivative; cf. Subsection Denote by V. the

formal adjoint of V7 with respect to the metrics g, h”.

Definition 4.4. The Witten Laplacian is the operator
]_ ~ o~ ~ ~
Ar = T(VTV}nLV}VT) QN (M, F) - QY(M,F).

It is well known (cf., for example, [12], [20, Th. 1.17], [T1]) that the operator Ar
is essentially self-adjoint with initial domain smooth compactly supported forms.
By a slight abuse of notation we will also denote by Ar the self-adjoint extension
of this operator to the space L2Q®(M, f) of square-integrable forms.

Proposition 4.5. For every T' > 0 the spectrum of the operator Ar is discrete.

We prove the proposition in Subsection [£.§ after we study the behaviour of the
restriction of A7 to the cylindrical end 7.
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4.6. The restriction of the deformed Laplacian to the cylindrical end. Let
v denote the vector field on M which corresponds to the 1-form w via the Riemann-
ian metric ¢™. Since w is homogeneous of degree 2, it follows immediately from
[#2) that the restriction of v to 7 is homogeneous of degree 0, i.e., is independent
of t:

(4.3) v(z, st) = Tsxv(x,t), for all s> 1.

We denote by L, the Lie derivative along v. An easy calculation (cf. [I4]
Proposition 11.13]) shows that

1
(4.4) Ar = TA+(£U+£2)+T|W|2.

Here £} is the formal adjoint of £, and A = VV*+V*V stands for the usual Lapla-
cian on F. The operators (£, + L) and T|w|? are symmetric zero order differential
operators, i.e., self-adjoint endomorphisms of the vector bundle A®(T™M M) ® F of

F-valued forms on M.
We consider now the restriction of ([£4) to the cylindrical end 7. For every

z €T, the flat structure defines a trivialization of F (and, hence, of A*(T*M) ® F)
along the ray { x,t) €T : t> 1}. Thus for every x € I we can consider

(4.5) a(x,t) := (L, + L) and bz, t) := |w(z,t)]?

as a function of ¢ with values in the space of symmetric matrices.

The proof of Proposition is based on the following simple lemma, which
follows immediately from ([@2]), (3], and the fact that w is homogeneous of degree
2 and non-degenerate at infinity:

Lemma 4.7. For alls > 1, x €T, t € [1,00) the following equalities hold:
(4.6) a(z,st) = a(x,t), b(x,st) = s?b(x,t) > 0.

4.8. Proof of Proposition[4.5l It is well known (cf., for example, [28, Lemma 6.3])
that Proposition FL5]is equivalent to the following statement: For every € > 0 there
exists a compact set K C M such that, if o € Q'(M .7-') is a smooth compactly
supported form, then

(4.7) /N laf?du < E/m (Ara, a) du.
M\K W

Here, dp is the Riemannian volume element on M, and (+,-) denotes the Hermitian
scalar product on the fibers of A® (T* ) ® F induced by the Riemannian metric
on M and the Hermitian metric on F.

From (Z4]), we conclude that there exists tg > 1 such that

a(z,t) + b(z,t) > 1/e, forall zel, t>t.
Then, using ([£4) and (&3H), we obtain

/ la?du < 5/ ((a+b)a,a)dy < 5/ (Ara, o) dp.
I'x[to,00) I'x[to,00) I'x[to,00)
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Theorem 4.9. For every T > 0, the dimension of the kernel Ker Ar of Ar is
equal to the dimension of the relative cohomology H® (M U~ .7-'T)
In particular, dim Ker A, = B;(w, F) for a generic value of T.

The prove of the theorem occupies the next section of the paper.

5. COMPUTATION OF THE KERNEL OF THE WITTEN LAPLACIAN

In this section we prove Theorem

5.1. Complex ﬁ'T(M, 15) The kernel of the Witten Laplacian Ker A7 has the
following cohomological interpretation. Define

Q3 (M, F) = {¢€L*Q*(M,F): Vr¢ € L*Q*(M, F) }
and consider the complex

Vr Vr

(5.1) 0 — Q9(M,F) —= QL(M,F) Qn(M,F) — 0.

Let H ’(Q'T(M ,F), V1) denote the cohomology of this complex.
Proposition 5.2. Hk(fZ'T(]T/[/, f), Vr) =dimKer A% for allk=0,1,...,n

Proof. Since the spectrum of Ar is discrete (cf. Proposition EH), the space
L?Q°* (M, F) splits into the orthogonal direct sum of closed subspaces

L*Q*(M, F) = Ker Ap @ Im Ar.

Hence, every s € ﬁ}(ﬂ F ) can be represented as the sum
1 1
(5.2) n = o+ AryYp = o+ fVTV*T@b + fV*TVTd),

where ¢ € Ker Ar and ¢ € Dom(Ar) C LZQ'(M,]?). Since V4 = 0 all 3
summands on the right-hand side of (5.2]) are mutually orthogonal and belong
to L2Q*(M, F).

The ellipticity of A7 implies that the forms ¢ and 1 are smooth. Hence,
so are the forms Vv, Vi, VpViy, and V5V, Moreover, Vriy, Vi €
LQQ'(]T/f , F ) because of the inequality

(5.3) VTl + [Viyl? = T{Ary, ) < oo

(here (-,-) and || - || stand for the scalar product and the norm in L2Q’(M, F),
respectively). We conclude that Vi, Vi € Q%(M,F). Hence, (£2) implies
that the following “Hodge-type” decomposition holds:

(5.4) Q3 (M, F) = KerAr @ Im (Vrlg, 57 7)) ®Im (Vi 7.7))-

The statement of the proposition now follows from the standard “Hodge theory”
arguments. O

Theorem (4.9 now follows from the following proposition.

Proposition 5.3. The cahomology of the complex (B1)) is isomorphic to the relative
cohomology H'(M U~ Fr).

The proof of the proposition occupies the rest of this section.
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5.4. The cone complex. Let ¢ be an arbitrary positive constant and let (70_ be
as in (3.4). We denote by j. : U; — M the inclusion and by jI : Q*(M,F) —
Q*(U,;, Flg-) the restriction map.
Consider the cone complex Coner(j) of the map j* which is defined as follows:
Coner(j7) = (M, F) & Q" (U;, F)

and the differential Dy . : Conef(j) — Cone’;frl(j:f) is given by

Dr.c(n,m) = (VTTL =Vrm +j:77)7 (n,m) € Conet(j;).
It is well known (see, e.g., [15]) that
H*(Coner (7)) = H*(M,U;; Fr).
Thus, to prove Proposition[5.3] (and, hence, Theorem[4.9)) it suffices to show that the
space H*(Coner(j7)) is isomorphic to the cohomology H®(Q%.(M,F),Vr) of the
complex (B.]). This is done in the next subsection, where we construct an explicit
map from Q% (M, F) to Coner(j}) and show that this map is a quasi-isomorphism

(i.e., induces an isomorphism on cohomology). A similar construction was used by
Farber and Shustin [I7, §3] in a slightly different situation.

5.5. A map from ﬁ'T(M, 15) to Coner(j¥). Recall that we assumed that w is
homogeneous of degree 2 and non-degenerate at infinity. Thus (cf. B3])) there
exist tg > 0 and a smooth function f: ' — R such that

Wz, t) = d(f(x)t2/2), zel, t>t,

and 0 is a regular value of f. Changing the parameter t if needed, we can and we
will assume that tg = 1. Set

h(z,t) = f(x)t?/2.

The restriction of any form ¢ € Q° (]T/f , F ) to the cylindrical end 7 can be written
as

(5.5) C(@,t) = dt A (z,t) + (ol ), zel, t>1,

where ()(z,t) and (i (z,t) are F-valued forms on T depending smoothly on the
parameter ¢ € (0,00). Set

(5.6) Cu(x,t) = —e_Th(“’t)/ eTh(I’T)C”(x,T)dT
t
= —/ eTf(r)(Tz_tz)/QCH(xm) dr, (x,t) € (76_,

t

where we use the flat connection V to identify the fibers of F along the rays
{(,7) : 7 > 0}. The integral in (5.6) converges since ¢ € L2Q*(U;,F) and
flz) <0 for (z,t) € U;.

Define the map @7, : Q3.(M, F) — Coner(j7) by the formula

(5.7) Br.: ¢ = (G0).
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Lemma 5.6. For every c > 0 the map @t is a chain map from ﬁ}(ﬂ, .7-'; Vr) to
Coner(j7), i.e.,

(58) DT7C e} (I)T,c = (I)T,c o VT.

Proof. Let ¢ € (NZ}(/]\Z ,F). The equality (5.8) reduces to
vy [e—Th(m,t) / eTh(x,T)C” (z,7) dT} + ((x,t)
t

o0
_ _e—Th(x,t)/ eTh(x,T)(ng(x,T))H dr
t

for (z,t) € U /. The last equality follows from the following calculation, in which
we denote by Vr the connection induced by V on I' and by Vg5, the covariant
differential along the vector field 9/07:

v —rn [T d — o Thy < d
T[e /t e Q) T]—l—(j e /t e g dr +¢
= —dtAN CH + e~ Th / Vr(eTh(:”) dr+¢ = (. + e~ Th / Vr(eTh(:”) dr
t t

— o~ Th * \V/ Th v _ Th dr = — —Th > Th \V/ dr.
e /t ( r(e” ") — Vayar(e CL)) 0 e / e’ "(Vr()) dr

t
O

Let
Or . HY(QW(M,F), V) — H*(Coner(j)) = H*(M,U;;Fr)

be the map induced by ®7 .. To prove Proposition we need now to show that
the map ®7 . . is an isomorphism.

5.7. Injectivity of ®7 ... The proof of the injectivity of &7 ., is based on the
following technical lemma.

Lemma 5.8. Let ( € (NZ}(]T/[/, f") be a “harmonic” form, Ar( = 0. Suppose that

(5.9) Drc(a,a1) = ®r.(, for some (a,aq) € Coner(j7).
Then there exist € > 0 and a form (§ € Q'(]T/f, f") such that
() Vrf=¢ o
(ii) B(z,t) = ((z,t) = —ftooein(‘”)(T —t )CH(Z‘,T) dr, for x€S8.,t>3;

(iii) By(z,t) =0 for z €T, t> 3.
Moreover, any such form (8 belongs to ﬁ}(ﬂ, F).

Proof. We will construct the form 8 by “improving” the form « in 3 steps.

Step 1. Fix ¢/ > ¢ large enough, so that (70_/ C I' x (3,+00). Choose a smooth
function x; : M — [0, 1] such that x; =1 on (767 and x; =0 on M\ U; . Our first
approximation of g is the form

(5.10) o = a—Vr(xia1).
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From (59) and (G.I0) we obtain
(5.11) Vrd! = ¢  on M;
(5.12) o = ¢ on UJ.

On the cylindrical end 7 we can write o/ = dt A o + o/, ; cf. (B.I). Then the
equation (BI2) implies that
(5.13) =0 on Uj.

Step 2. Take a new smooth cut-off function ys : R — [0, 1], such that x2(¢) =0
ift <1and xa(t) =1if t > 2, and set

t
(5.14) o"(z,t) = o'(x,t) — Vr (Xg(t) e_Th(‘””’t)/ eTh(@m) o (z,7) dT).
2

Again we have Vya” = (. Since x2(t) = 0 for t > 2, we also have

(5.15) af =0 on I'x(20),

so that

(5.16) Vra'l = ¢ on T x(2,0).

In particular,

(5.17) e_Th(r’t)Va/at eTh@ED o/ (2,1) = Q(z,t), zel, t>2.
Step 3. For each r € R denote

(5.18) S, = {zel: f(x) <r/T}.

Recall that we assumed that A = 0. A verbatim repetition of the arguments
in |27, Appendix] shows that on the cylindrical part 7 the form ( satisfies the
estimate

(5.19) |C(a,t)| < Ce

with some positive constants C' and a. (Here |((z,t)| denotes the norm of {(z,t)
with respect to the “conical” Riemannian metric introduced in Subsection E.1])
Hence,

‘eTh(x’t)Q|(x7t)| < e_(a_’"/g)tQ7 it f(x) <r/T,
ie., eThCH decays exponentially when t tends to infinity and z € Sy,. Thus the
solution of the ordinary differential equation (5.I7) can be written in the form
(5.20)

eTh(zt) o (x,t) = nlx) — / eTh(z.7) (”(:c,T) dr, z € Sy, t> 2,
t

where () is a differential form on Sy, C I' (independent of t).
From (516) and (520) we see that on Sg, X (2, 00)

o0
(5.21) (L = e Thvpe™o/| = eT'vpy — e Th / Vel ¢ dr.
t

Since V¢ = 0 we have
0 = (VTC)” = —¢ Th Vr elh C” + e Th V@/at elh (1,

ie.,
Vre™ (¢ = Vooe™ (L.
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Substituting this equality into (521I), we see that on Sp, X (2, 00)

(L= e ™vry - €7Th/ Voore'"¢idr = e ™"V + (1.
t

Hence,
Vrn(z) = 0, if x€ Saq,
i.e., n is a closed form on Ss,.
Set v = [ eThozh dr. Comparing (5.20) with (5.I4) and using (5.I12) we see
that n = V~ on U . Since, by the construction, ~ is independent of ¢, we obtain

n = Vryon U, . But, for all z € Sp, there exists ¢ such that (z,t) € U_ . Therefore,
17 = Vv on &. In particular, the restriction of  to Sy represents the zero class in
H*(Sy).

Since 0 is a regular value of f there exists € € (0, a) such that Sy is a deformation

retract of So.. Hence 7 also represents the trivial class in H®(Ss.), i.e., there exists
a form £ € Q°*(Sye) such that

(5.22) Vré(x) = n(z), z € Sae.

Consider a smooth cut-off function xs : I' — [0, 1], such that x3 = 1 on S%E and
x3 = 0 on F\S%E. Finally, set

(5.23) 8 = o’ = Vr (e (@) xa(1)€).

Since [ is obtained by subtracting exact forms from «, condition (i) of the lemma

is satisfied. From (518), (222), (523), and (520) we obtain
Bla,t) = al(a,t) — eI y(a) = — / IO ¢ (2, 7)

for x € S, t > 3. Thus condition (ii) of the lemma is satisfied.

On T x (3,+00) form S is obtained from o, whose parallel component van-
ishes, by subtracting Vp (=71 y3(x) €), which also does not have a parallel
component. Therefore, condition (iii) of the lemma is also satisfied.

It now remains to prove that g is in (NZ}(M/ ,F). The estimate (5.19) implies that
V7B =_isin L2Q'(M7 F), so we only need to show that 3 € L2Q(M, F). Since the
form G is smooth, its restriction to every compact set is square integrable. Hence,
it is enough to show that the restrictions of 8 to S¢ x (3,00) and (I'\S;) x (3, 00)
are square integrable.

Restriction of B to Sc x (3,00). Using the estimate (B.19]), we see that on S. X (3, 00)
‘/ ST ¢ (2, 7) dr | < c/t e~/ g,

Since € < a we conclude that [ is decaying exponentially with ¢ and, hence, is
square integrable on S, x (3, 00).

Restriction of 3 to (I'\S:) x (3,00). Since 3 = 0 on I' x (3, 00), taking the parallel
component of the equality ( = V3, we obtain

e~ Th(t) Vd/ate Thet) g(z,t) = C(z, ).
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Solving this ordinary differential equation we get
t

eTh(z,t)ﬂ(xvt) — ﬂ(%g) + / eTh(z,7) C”(x,r) dr.
3

Therefore, setting B = max |B(x, 3)| and using ([B.19]), we see that on (T'\.S¢) % (3, 00)
TE

the following estimate holds:

t
Blat)| < Bt [ AT G ) ar

t t
< Be—st2/2 + / 6%5(72—152) e—a7'2 dr < Be—5t2/2 + e—%stz / e—(a—%s)‘r2 dr.
3 3

Thus ((z,t) decays exponentially when ¢ tends to infinity and, hence, is square
integrable on (I'\\S:) x (3,00). The proof of the lemma is now complete. O

Corollary 5.9. The map ®r . is injective.

Proof. Let T € H'((NZ'T(M, f")) be a cohomology class, whose image under ®7 . . is
trivial. By Proposition B.2] the representative { € T can be chosen in such a way
that Ar¢ = 0. Then Lemma 5.8 implies that there exist 5 € ﬁ}(M, f), such that
VB = (. Hence, T = 0. (I

5.10. Surjectivity of ®7 ... In order to prove that ®r .. is surjective we need
the following auxiliary lemma, which, roughly speaking, states that every relative
cohomology class has a bounded representative.

Recall that the sets S, C I" were defined in (5.I8]). Since 0 is a regular value
of f we can take ¢ > 0 small enough, such that for all &’ € [0,¢], the set S,/ is
homotopically equivalent to Sy = U~. For any § > 1 denote by js. the inclusion

map of 8¢ x [0, +00) into M. Let Coner(j;.) be the complex
Conek(ji.) = QF(M,F) @ Q" Y(S. x [§,+0)),  k=0,...,dim M,
with the differential
Drse(nom) = (Von, =Voem +35in), (n,m) € Cone%(j7).
Also for any § > 0 denote by M; the compact set M U (T x [1,8)) C M.

Lemma 5.11. Every cohomological class in H*(Coner(j3_)) has a representative

(o, 1), such that the restrictions of the forms eTra, ey, Vret o, and Ve oq

to the cylindrical end T are bounded with respect to the Riemannian metric intro-
duced in Subsection [£1]

Proof. As in the proof of Lemma [(.8] we start with an arbitrary representative
(o, af) and “improve it”.

For all ¢ € (0,¢) and & > 6, the pairs (M, S. x [0, +00)) and (Ms,So x [6,6"))
are homotopically equivalent. Moreover, there exists a smooth map R : M — My,
such that:

(i) R is a homotopy equivalence of the topological pairs (]T/.f, Se X [0, 400))
and (My,S. x [6,6")),
(i) the restriction of R to Ms is the identity operator,
(iii) the tangent map T'R is bounded (with respect to the Riemannian metric
introduced in Subsection [A1]).
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On the cylindrical end 7 = T" x [1,+00) the differentials Vy and Dps. can be
written as follows:

Vr = e~ Th Vr eTh, DT,5,5 = ¢ Th D(L(s75 eTh,
Properties (i) and (ii) of the map R imply that on 7°
(524) eTh(alvag_) - R*eTh(O/vag_) = DO,&,E(M);U/I)

for some p € Q*(7, F) and py € Q°(S. x [6, +00)). Let x : R — [0,1] be a smooth
non-decreasing function, such that

x(t)=0 for ¢t <145 and x(t)=1 for ¢>142.
We also denote by x its natural extension to M. Set

(5.25) (,a1) = (a',a}) — Drse (e7™"x - (pm)) -
Then (o, 1) and (o', a}) represent the same cohomological class in (Coner(j;_)).
By construction, x(¢) = 1 for ¢ > 2. Hence, using (5:24) and (5.25), we obtain

(5.26) ™ (a,01) = €™ ((0',al) = Drge (™)) )
eTh(

o ;ah) = Dose(ps )
= R*eTh (o)), on T x[2,+00).

The pair R*e?”(a/, o)) is the pull-back of the restriction of eZ”(a/, o)) to the finite
part My of M. Since T'R is bounded, (5.26) implies that e”"a and eT"a; are also
bounded together with their differentials [ O

Corollary 5.12. The map ®7 . is surjective.

Proof. Since the topological pairs (M , U ) are homotopically equivalent for differ-
ent ¢ > 0, it suffices to prove the corollary for sufficiently large c. Therefore, we
can assume that c is large enough, so that U, C T x [3, +00).

Let T € H*(Coner(j})) be an arbitrary cohomology class. Take ¢ > 0 small
enough, so that U~ = Sy is a deformation retract of S, for all €’ € [0,2¢]. Let

R: Coner(j3,.) 3 (a,on) — (e, anl-) € Coner(j;)

be the restriction map. Since (7; is a deformation retract of Sg. x [2,400), the
map R induces an isomorphism of cohomology. Therefore, T can be represented
by a pair R(a, a1), where (o, ;) € Coner(j35.). By Lemmal5.TIl the pair (o, o)
can be chosen in such a way that the forms e’"a, eT"a1,e™"Vra, and TV
are all bounded.

Let x : M — [0, 1] be a smooth function, such that

Xx=0 on M)\ (Ss x [2,+00)), and x=1 on S x[3,4+00),

and dy is bounded on 7 with respect to the Riemannian metric introduced in
Subsection [£]]l Set

6 = a — Vr(xar).

4Recall that we use the conical metric on 7 introduced in Subsection EZIl Thus, if, for example,
we consider a form v € Q®*(T) as a constant form on 7 =T" x (0, 00), then the norm ||, ;) of v

at the point (x,t) € 7 decays as 1/t as t — oo.
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Then the pair (3,0) is cohomologous to the pair (o, ;) in the Coner(j}). In
addition, [ vanishes on S; x [3,400) D ﬁc_, hence [®7,.6] = Y. In order to finish
the proof of the corollary it remains to show that 3 € SN)}(M, JE) Since V3 =
Vra =0, we only need to check that g is square integrable on the cylindrical end
7. Since 8 vanishes on S. x [3,+00) we only need to consider its restriction to
(P\S.) x [3, +00). The boudedness of X", eT"a; and dy implies that [eI" 3| < B
for some B > 0. Hence, on (I'\ S;) x [3,4+00) we have

Ba. )] < e THE0 B — Be HOW < pemied,
hence (3 is square integrable and the map ®r . . is surjective. O

The proof of Theorem [£.9]is complete. O

6. DEFORMATION OF THE LAPLACIAN ON THE NORMAL BUNDLE
TO A MINIMIZING MANIFOLD

In this section for each critical subset C' of w we introduce a manifold Kfc with a
cylindrical end, whose compact part may be identified with a neighborhood of C' in

M. We also introduce a family of connections V¥C on the lift of F to NC, which
is similar to the Novikov deformation (L]). We apply the machinery of Section [l
to the Laplacians AJIYC of the connections Vgc. In particular, we show that the
spectrum of A¥C is discrete and does not depend on T', and we compute the kernel
of AJIYC. The dimension of the kernel ATIYC encodes the information about the
topology of the critical subset C; cf. Theorem N

The significance of the operators A¥C is that their direct sum P A¥C plays
the role of a model operator (cf. [27]) for the family Az of Laplacian on the manifold
M. More precisely, this statement is formulated in the next section (Theorem [73)).

6.1. Construction of the manifold 1\70. Let C' C C be a critical subset of w; cf.
Subsection [[4l Let he, X be as in Definition and let v(Z¢), W C v(Z¢) be
as in Remark

Fix a Hermitian metric 2*(*¢) and a Hermitian connection V*(*¢) on the vector
bundle p: v(Z¢) — Z¢.

Set

VCJ‘ = {CC EXeo: hc(fv) < T‘2 }

Fix a small enough number ¢ > 0 so that Vg 7. C W, the restriction of hc to
Yo NW does not have critical values on the interval (0, 7¢], and

{yev(Ze): % < (7¢)?, ho(ply)) < (75)2} c w.

Using the gradient flow of h¢|s,, with respect to some arbitrary metric, we can
construct a family of smooth maps m; : Vorze — Vorze (0 < ¢t < 1) such that
My, O My, = My, 1, and

he(me(x))
he(z) > ho(m(z))

For each y € p~ Vi 7. let
me(y) € p ( my(p(z)) )

t? he(x), T € VC’75\VQ€/2, 1/2 <t <1,

(6.1) ]
t* he(z), zeVor, 0<t <1

v
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denote the horizontal lift of the curve ¢t — my(p(y)). Then |m:(y)| = |y| for all
€ (0,1]. Set

(6.2) y(t) = tmy(y).
Let
Fol(y) = he(ply)) +
and, for each r € [1,7], define

Be, = {yep Vo Fo(y(l/r) <&},

(6.3) Scr = {yep Vore: Fe(y(l/r)) =€}

Then Bg,, is a compact manifold with smooth boundary S¢ .. The maps y — y(t)
identify Be g\ Bc,1 with the product S¢1 % (1, 6). Hence, we can define the manifold
with a cylindrical end

NC’ = BC’,G @] (SC',l X (I,OO))
Note that

(6.4) Vee = (Bea\Sei) N e

6.2. The function hc. Recall that in Remark we defined an embedding i :
W — M. By a slight abuse of the notation we will also denote by h¢ the lift he o4
of this function to W. Let h¢c : No — R be a smooth function such that

(6.5) ho(z,t) = tPhe(z,1),  t>1, 2 € Say.
By (62)) and (IH]), we have

_ P

(6.6) holy) = he(may(p(y))) 5 y = (z,t) € Bo\Bo,1-

From (G.1)), we now conclude that
(6.7) he(y) = he(y) and dho(y) = dholy)  for ye (Beg\Bea)NZc.
From (G and (G.2)), we see that
Ec(Ty) < Ec(y), forall 7>1, ye€ (30,6\30,1 )\EC.
The last inequality can be rewritten as
(6.8) v dhe(y) < 0,
were we identify y with the vertical tangent vector to v(X¢) and denote by ¢, the
interior multiplication by this vector. Combining (61), (6], and (I5]) we conclude

that

(6.9) dhe(y) # —Adhe(y),  forall A>0, y€ Beg\Bea.
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6.3. Deformation of the covariant differential. Choose a smooth non-
decreasing function o : [0, +00) — [0, 1], such that

o(t)=0 for t€]0,2], and o(t)=1 for te€[3,+00).
For each s > 0, set

¢(S )7 1, if yeBC’Q,
= FL4ON if y=(z,t) € Sc1 x (2,00).

Since o vanishes on [0, 2], the function ¢(s,y) is well defined and smooth on Ne.
The vector bundle F induces naturally a flat vector bundle on NC, which we will
also denote by F. Let VN ¢ denote the covariant differential operator determined
by the flat structure on F. (We use the superscript NC here, to distinguish this
operator from the covariant differential on the bundle F over the manifold M J)

Consider the one-parameter deformation VTIYC of this covariant differential defined
by the formula
Vg‘c — T he(y) N (d(Ty)he(y)

Remark 6.4. Note that, for each T > 0, equation (G.I0)) is equivalent to (L8) with

W = %d(gz)(T,y)Ec).

Therefore, we can apply the results of the previous sections of the paper to the

connection V?C. Moreover, since the form w is exact on Kfc, the Novikov numbers
will be replaced everywhere by the usual Betti numbers.

For every s > 0, let ry : Nc — Nc be the map defined by

T'( ) _ Y, if yeBC,27
T\ (2, 6, m)t), if = (x.t) € Scu % (2,00).

Ifye Nc, we denote by ]-" the fiber of F over y. The flat connection on F glves

a natural identification of the fibers .7-' and }"Sy Hence, the map r; : Nc — NC
defines the “pull-back” map

r*: Q(Neg, F) — Q°(Ne, F).
Lemma 6.5. For every T > 0
(6.10) V¢ = rime e viehe ()t

Proof. Since TT/T commutes with V¢, we can write

rfﬁethVehC (rf/f)fl = rj‘/fe he (rf) VTrfe (fﬁ)

—¢(T,y)hc VNc e¢(T7y)Ec _ v;ﬁc'

-1

= e
Here the last line follows from the identity
(6.11) e ho(y) () = 6(T,y) holy),

where Ec is identified with the operator of multiplication by 7Lc. O
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6.6. Deformation of the Laplacian. Let us choose a Riemannian metric g{vc
on N¢ and a Hermitian metric h{ on F which on the cylindrical end Sc 1 x (1, 00)
have the form described in Subsection Il Consider the families of metrics gF_,IYC

and h;,j? depending on T given by

1 7 -
(6.12) QIJYC = 7T g = Tﬁhf

Definition 6.7. The Witten Laplacian ANC of the bundle Ne associated to the

metrics gIIYC,hf: is defined by the formula
N, N, Ne* Ne* v— N
(6.13) A7C = T (VTC V3™ + Ve Ve ),
where VJTVC* denote the formal adjoint of VJIYC with respect to the metrics ggc, hjﬁ:

We denote by A?C’p the restriction of Agc to the space of p-forms.

Proposition 6.8. For every T > 0,
(6.14) AN =t AN (rt )

In particular, the operators A¥C and Aivc have the same spectrum.

Proof. Lemma [6.5] implies that

(6.15) VS = Ve ()
The metrics gfc = %rfﬁg{vc and hf = ri‘ﬁhf are defined in such a way that the

map
T\/T: (N07Tgé“vc) - (NCmgiVC)

is an isometry (here (NC,Tg:,IYC) and (Ne, ¢g2¥¢) denote N¢ considered as a Rie-

mannian manifold with the Riemannian metric TgépV ¢ and g{v , respectively). More-
over, the pull-back map

O L2(Q'(ﬁc,f"),g{%) - L2(Q°(NC,5E),T91TA%)

is also an isometry (here L2(2® (Kfc, F ), g) denotes the space of differential forms,
which are square-integrable with respect to the scalar product induced by the Rie-
mannian metric g).

We conclude that the adjoint operator to the differential V is equal to

* 1 * * * —
(6.16) Vi = 71 Vi (rim)
The equality (6.14) now follows from (G.I5) and (6.16]). O

Recall from Subsection [[.§] that for each critical subset C, we denote by ind(C)
the dimension of the fibers of the bundle v(X¢) — ¢ and by o(C) the orientation
bundle of v(X¢), considered as a flat line bundle.

Recall that ¢ > 0 was chosen in Subsection 6.1l The following theorem gives the

main spectral properties of the Witten Laplacian Agc.
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Theorem 6.9. (1) For each T > 0 the operator Agc has a discrete spectrum.
More precisely, there exists an orthonormal basis of smooth eigenforms with eigen-

values \j € R, such that A\; — 0o as j — oo. The spectrum of A¥C coincides with
the set of all eigenvalues {\;}.
(2) Let Agc’p denote the restriction of AJJYC on the space of p-forms. Then

(6.17) dimKer AY? = dim BP O (Ve ® o(Ec)

‘VC,E)
foranyp=20,1,...,dim M.

Proof. Part (1) of the theorem is a particular case of Proposition

Since the deformation V¢ is defined using the exact form %d(¢ﬁc) (cf. Re-
mark [6.4]), Theorem F9] implies that

(6.18) dim Ker ANO? = dim H? (N, Ug, . F),

where ¢ > 0 and
ﬁcic = {yENC : Ec(y) <C}.

Set Ugs == {y € Sc1 - he(y) < 0}, Clearly, the topological pair (Zvc,ﬁac) is
homotopic to the pair (B¢ 1,U).

Let vc. = p~ 'V be the restriction of the bundle p : ¥(Z¢) — S¢ to Vo.
From (E6) and (6.4), we see that the pair (Bc,1,Us) is homotopic to the pair
(vce,vo,e\Ve,e). Hence, the right-hand side of (6.I8) is isomorphic to the coho-
mology HP(vce, Ve e\Ve,e; F), which, via the Thom isomorphism, is isomorphic to
the right-hand side of (617). O

7. PROOF OF THE KIRWAN-NOVIKOV INEQUALITIES

In this section we prove Theorem B (and, hence, in view of Proposition 37 also
Theorem[I.12). The main ingredient of the proof is Theorem[7.3 which estimates the
spectrum of the Laplacian Ar (cf. Subsection [£3)) in terms of the spectrum of the

Laplacian P A¥C (cf. Subsection [6.6]). We postpone the proof of Theorem [.3]
to the next section.

7.1. The deformed Laplacian. Set

]\72 |_| NC, B,« = I_l BC7T7 Sr = |_| SC,ra

ceC CceC CceC
N _ Ne N _ Ne N _ Ne
gT—Engw h —@hT’ AT—EBAT'
CceC CceC CceC

Recall that the function ¢(T', y) was defined in Subsection[63l Since ¢(T,y) =T
outside Bg,2, it follows from (6.9) that there exists a closed cohomologous to w 1-

form w/. € Q'(M) whose critical set coincides with C, and such that

;o %d((ﬁ(T,y)Ec) on Bgps, foral CeC,
“r = on M\Bﬁ.
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Consider the one-parameter family of connections
(7.1) Vp =V 4 Te(wp).

By construction, the metrics g;ﬁ and h;ﬁ coincide on Bg \ B3 C NC N M, with
g and hY, respectively. Hence, they can be extended to metrics gM, h} on the

whole M in such a way that the extensions do not depend on T outside of B3 and
the restrictions of these metrics to the cylindrical part 7 have the form described
in Subsection @1l For each T' € R we denote by V7 the formal adjoint of V7, with

respect to the metrics g:];j and h:,@ . Let
1
(7.2) ANy = = (ViVE+ Vi),
Let A/ﬁ, A?’p denote the restrictions of operators AZ., A;ﬁ to the space of p-forms.

7.2. Asymptotic of the spectrum of A’.. Let A be a self-adjoint operator with
discrete spectrum. For any A > 0, we denote by N (A, A) the number of the eigen-
values of A not exceeding A (counting multiplicity).

The following theorem plays a central role in our proof of Theorem

Theorem 7.3. Let A\, (p=0,1,...,dim M) be the smallest non-zero eigenvalue of
Ajlv’p. Then for any A, > € > 0 there exists Ty > 0 such that for all T > T,

N(\p — &, A?) = dim Ker A} .
We will prove this theorem in the next section.
7.4. Proof of Theorem By Theorem [T.3]
(7.3) N(Ap/2, A%) = dim Ker AN?, p=0,1,... dim M.

Let F} denote the flat vector bundle (F, V4). Since w is cohomologous to w,
the cohomology groups H”(]T/.f, (7{; fT) and Hp(]T/f, ﬁ;; .7?}) are isomorphic for all
T eR.

Let us fix a generic 7' > 0; cf. Subsection [C9 Then the dimension of the
cohomology H?(M, 170_; j—v}) ~ HP(M, (70_; .7-'T) is equal to the generalized Novikov
number [;(§, F); cf. Subsection By Proposition [5.3] these numbers are equal
to the dimension of the cohomology of the complex

Vi

0 — WOLF) —— QGOLF) —— - —

Qn(M,F) — 0.

Let EL. (p = 0,1,...,dim M) be the subspace of (NZ’}(M, F) spanned by the
eigenvectors of A’ corresponding to the eigenvalues A < \,/2. From (73) and
Theorem [6.9(2), we obtain
(7.4) dim B, = dim H? (Vo F,  @o(20),, )-

Set
M (N)

Z AP dim EY.

Z )\indC’ Z AP dime—ind(C) (VC7€7‘7:\VCE &® O(ZC)\VCE).
cecC
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Since the operator A}, commutes with V7., the pair (E¥%, V) is a subcomplex
of ([Z4]), and the inclusion induces an isomorphism of cohomology

H*(E$, V) = H*(Q*(M,F),VY).
Hence,
(7.5) dim HP?(E%, V) = B,(¢&,F), p=0,1,...,dim M.

The standard Morse theory arguments (cf., e.g., [6]) now imply that there exists a
polynomial Q. (\) with non-negative integer coefficients such that

(7.6) M) = Nor(N) = (14X Q).

Using the equality (), Ve, = C and the continuity of the Cech cohomology ([15)
Ch. VIII §6.18]), we get

lim dim HP O Voo, Fly . ®@0(Sc))y,, ) = dim HP7O(C, F . @ o(0)).

VC,E

Therefore, lim._.o M:(\) = M, #(\). Letting ¢ — 0 in (T.6) we obtain Theo-
rem [3.6 O

8. COMPARISON BETWEEN THE LAPLACIANS ON THE MANIFOLD
AND ON THE NORMAL BUNDLE

In this section we prove Theorem Our strategy will be to apply the IMS
localization formula (cf. [14] 27]).

To simplify the notation we will omit the prime and will denote by Ar the
operator defined in (T2).

8.1. Estimate from above on N()\, —¢, A%). We will first show that

(8.1) N(\p —¢e,Al) < dim Ker Aiv’p

by estimating the operator Al from below. We will use the technique of [27],
adding some necessary modifications (see also [7]).

Recall that the notations N, B,., S, etc. were defined in Subsection [[Il Using
Remark we obtain an embedding ¢ : B, — M, 0<r<6.

Let 7: N — R be a smooth function, such that 7(y) <1 for all y € By and

T(x,t) =t for (x,t) € Scq x [1,00) C N.
Then B, = 771([0,7)) for all r > 1.
Let us fix a C*° function j : [0, +00) — [0, 1] such that j(s) =1 for s < 4,
j(s) = 0 for s > 5 and the function (1 — j2)'/? is C*°. We define functions
J,J € C*(N) by

Jy) = i) T = (1-i(rm)?)*.

Using the diffeomorphism i : Bs — i(Bg) we can and we will consider J,J as
functions on M.

We identify the functions J, J with the corresponding multiplication operators.
For operators A, B, we denote by [A, B] = AB — BA their commutator.

The following version of IMS localization formula (cf. [14]) is due to Shubin [27]
Lemma 3.1].
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Lemma 8.2. The following operator identity holds:

- 1 - 1
(8.2) AL =JALT + JALT + 5”’ [J, AL]] + §[J, [J, AL]].

Proof. Using the equality J? + 72 =1 we can write
AL = J2AL + TPAD = JART + TALT + J[J, AL] + T[T, AL,
Similarly,

AL = AP J2 4 AL = JARJ + TART — [J, AL]J — [J, ALTT.
Summing these identities and dividing by 2 we come to ([8.2). O
We will now estimate each of the summands on the right-hand side of (82]).

Lemma 8.3. There exist ¢ > 0, Ty > 0 such that, for any T > Ty,
(8.3) TAPT > cTTI.
Proof. Let 1) be in L2QP((M, F), gr). Using (@4) and Lemma 7 we can write

N 1 — - = —2
(8.4) (TARTn,m) = (AR Tn,m) + (a(w, 0).Tn, Tn) + TIwl* T (n, 7).

(Since the support of Jn belongs to the set M\ By, where the scalar product does
not depend on 7', we can omit this index.) The first term of (84) is positive, the
second is bounded, so the last term dominates and the estimate (B3] holds. ]

Let PL: L2Qp(ﬁ7, .77') — Ker AY” be the orthogonal projection. This is a finite

rank operator on L2QP (N, ]T'), and its rank equals dim Ker Ag’p = dim Ker Aiv’p.
Clearly,

(8.5) ANP 4 A, PP > AL

Using the identification i : Bs — i(Bg) we can consider JP2J and JAN?J as
operators on QP (M, F). N

By construction of the operators Ar and A% we have

N,
JALT = JAGPJ.

Hence, ([83) implies the following.
Lemma 8.4. For any T >0
(8.6) JAPJ 4+ N\, JPPJ > N, J%I,  tkJPRJ < dimKer AJP.

For an operator A : Q”(]\A/.f, F) — Qp(]\/\/.f, F), we denote by [ Az its norm with
respect to the L? scalar product on QP (M, F ) defined by metrics g2 and h3Y.
Lemma 8.5. There exists C > 0 such that

(8.7) | [, [J, A% < CT1, T > 0.

iz
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Proof. The leading symbol of A%, is equal to the leading symbol of %A (here A =
VV*+V*V is the standard Laplacian). Hence (cf., for example, [4, Proposition 2.3])

2 2
I, 17, A7 e = —Tldle < — 7 max [dJ(y)].
yeEM

Here we can also omit the index T' of the norm of dJ, since suppdJ € Bs \ By. O
Similarly, one shows that

(8.8) | [7, [, AL < CcT7 L.

iz
From LemmaR2 LemmalB3] LemmaB4l LemmaHand B3] we get the following
Corollary 8.6. For any € > 0, there exists Ty > 0 such that for any T > T

(89) AL 4+ N, JPEJ > (\,—e)I,  rkJPEJ < dimKer AZP.

The estimate ([BI]) now follows from Corollary and the following general
lemma [26, p. 270].

Lemma 8.7. Assume that A, B are self-adjoint operators in a Hilbert space H such
that tk B < k and there exists > 0 such that

((A+ B)u,u) > pf{u,u) for any wu € Dom(A).
Then N(u—e, A) <k for any e > 0.

8.8. Estimate from below on N()\, — e, A). To prove Theorem [T3 it remains
to show that

(8.10) N\ —,A2) > dimKer AN,

Let EZ. be the subspace of QP(M , F ) spanned by the eigenvectors of A%, correspond-

ing to the eigenvalues A < A, — ¢ and let IT%. : QP(M, F) — EP. be the orthogonal
projection. Then

(8.11) kI = N(\, —e,AL).

Using the diffeomorphism i : Bg — i(Bg) we can consider JII%..J as an operator on
L*Qp (E s F ) The proof of the following lemma does not differ from the proof of
Corollary

Lemma 8.9. For any § > ¢, there exists T > 0 such that for any t > T
(8.12) AEP 4 ghg > (A, - 0) 1
The estimate ([8I0) now follows from (BIT]), Lemma and Lemma 871 O
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